A real polynomial p of degree n is called a Morse polynomial if its derivative has n − 1 pairwise different real roots and values of p in these roots (critical values) are also pairwise different. The plot of such polynomial is called a "snake". By enumerating critical points and critical values in the increasing order we construct a permutation a 1 , . . . , a n−1 , where a i is the number of polynomial's value in i-th critical point. This permutation is called the passport of the snake (polynomial). In this work for Morse polynomials of degrees 5 and 6 we describe the partition of the coefficient space into domains of constant passport.
Introduction
Definition 1.1. A real polynomial will be called a real Morse polynomial if:
• all its critical points (i.e. roots of its derivative) are real and have multiplicity 2 (i.e. all roots of derivative are real and simple); • all its critical values are pairwise different;
• the leading coefficient is 1.
The plot of such polynomial will be called (after Arnold [1] ) a "snake". A snake of order n is the plot of a real Morse polynomial of degree n + 1. It has n alternating local minima and maxima.
Let's enumerate critical points in the increasing order and critical values also in the increasing order. The number of the first critical value will be called the level of a snake. To an n-snake we will correspond a permutation a 1 , . . . , a n , where a i is the number of critical value in the i-th critical point. Thus defined permutation will be called the passport of a snake (polynomial). Two snakes with the same passports will be considered equal and two real Morse polynomials with equal passports will be called s-equivalent. Definition 1.2. A permutation a 1 , . . . , a n is called alternating, if a short sequence a i , a i+1 , a i+2 is not monotone for any i, 1 i n − 2.
The passport of a snake is an alternating permutation. The level of an alternating permutation is its first element. As we study plots of normalized polynomials, then the level of a snake of even order n is greater, than 1 (because the first extremum of a normalized polynomial of odd degree is maximum), and the level of a snake of odd order n is less, than n (because the first extremum of a normalized polynomial of even order is minimum). Thus, we will study not all alternating permutations, but proper alternating permutations. The level of such permutation from S n is greater, than 1, for even n, and less, than n, for odd n.
Remark 1.1. The answer to the natural question: is it true that any proper alternating permutation is a passport of some snake?, is positive (see [2] and bibliography there).
In what follows PAP will be a proper alternating permutation. Example 1.1. There are 5 PAPs of order 4: (4, 2, 3, 1), (3, 2, 4, 1), (4, 1, 3, 2), (3, 1, 4, 2) and (2, 1, 4, 3) , and there are 5 snakes of order 4: 
The enumeration of PAPs
Let us introduce a procedure, that transform a PAP of order n and level m into PAP of order n + 1: we add the first element k and all elements < k will be the same and all elements k will be increased by 1. If n is even then 1 k m. If n is odd then m < k n + 1. For example,
(3, 1, 5, 2, 6, 4) add 2 ⇒ (2, 4, 1, 6, 3, 7, 5), (2, 4, 1, 5, 3) add 4 ⇒ (4, 2, 5, 1, 6, 3). Obviously, this procedure transforms PAP into PAP.
The inverse procedure -the deletion of the first element: we delete the first element m, all elements < m remain the same, all elements > m are decreased by 1.
Thus, any PAP of order n + 1 can be uniquely obtained from some PAP of order n.
Let s(n, m) be the number of PAP of order n and level m. If n is even then s(n + 1, m) = s(n, m) + . . . + s(n, n) .
(
If n is odd then s(n + 1, m) = s(n, 1) + . . . + s(n, m − 1) . (we remind that s(4, 1) = 0 and s(5, 5) = 0). Now we can construct the triangle of PAPs -the Euler-Bernoulli triangle (see [1] ). In n-th row we write numbers s(n, 1), . . . , s(n, n) from left to right. The case s(1, 1) is special, we put s(1, 1) = 1. From (1) and (2) we have that an element in an even row is the sum of elements in the previous row that are to the left of our element, and an element in an odd row is the sum of elements in the previous row that are to the right of our element. Below are presented the first 5 rows of our triangle:
3. Polynomials of degree 5
Our aim is to describe the partition of the space of real Morse polynomials of degrees 5 and 6 into components of s-equivalency. In this section we will consider polynomials of degree 5.
At first let us introduce a convenient parametrization. Let p be a real Morse polynomial of degree 5. We will assume that: a) roots of its derivative are non positive and one root is zero; b) the sum of roots of p ′ is −3. It means that
Let us note that if coefficients of the polynomial q = x 3 + 3x 2 + bx + c are positive, then its roots are negative (and their sum is −3). Indeed, let q = (x + x 1 )(x + x 2 )(x + x 3 ), then either all x i > 0, or x 1 > 0 and x 2 < 0, x 3 < 0. Let us consider the second case and let y 2 = −x 2 > 0 and y 3 = −x 3 > 0, then x 1 = 3 + y 2 + y 3 and y 2 y 3 > x 1 (y 2 + y 3 ) = 3(y 2 + y 3 ) + y 2 2 + 2y 2 y 3 + y 2 3 . Contradiction. We will work with the polynomial q = x 3 + 3x 2 + bx + c with negative pairwise different roots. Then b
3 and c 1. The discriminant dq of q is dq = 54bc − 108c − 4b 3 + 9b 2 − 27c 2 and the plot of the curve dq = 0 in the rectangle [0, 3] × [0, 1] is presented below:
The point A has coordinates (3, 1) and is a cusp of the curve dq = 0. The line y = x− 2 is the tangent line to the curve at this point. The point B has coordinates (9/4, 0) and the line y = 3 2 x − 27 8 is the tangent line to the curve at this point. In the origin the curve dq = 0 is tangent to axis OX. For points in the curvilinear triangle OAB the polynomial q has three real roots.
We must also demand that critical values of polynomial p = xq(x) dx are pairwise different. Let us consider two conditions
The satisfaction of the first condition guarantee that values of the polynomial p in roots of q are pairwise different and the satisfaction of the second condition guarantee that these values are nonzero.
The curve g = 0 is an arc inside OAB that connect A with the point D with coordinates (135/64, 0).
The line y = 5 4 x − 675 256 is tangent to the curve g = 0 at the point D. The plot of the curve h = 0 inside OAB is presented below:
The point E with coordinates (45/16, 25/32) is the cusp point of the curve h = 0. Lines y = 5 6 x − 25 16 and y = 5 4 x − 175 64 are tangent lines to curves h = 0 and dq = 0 at this point. Lines g = 0 and h = 0 are tangent to each other at the point D.
In figure below we demonstrate how the curvilinear triangle OAB is partitioned into five curvilinear triangles by curves g = 0 and h = 0.
The point F -the intersection point of curves g = 0 and h = 0 has coordinates ≈ (2.73, 0.72).
All five snakes of order 4 are presented at Figure 1 . Let
• If a point with coordinates (b, c) is in triangle OAF , then the plot of p is the first snake; • if a point with coordinates (b, c) is in triangle AEF , then the plot of p is the second snake; • if a point with coordinates (b, c) is in triangle ODF , then the plot of p is the third snake; • if a point with coordinates (b, c) is in triangle DEF , then the plot of p is the forth snake; • if a point with coordinates (b, c) is in triangle BDE, then the plot of p is the fifth snake.
Remark 3.1. If a real polynomial of degree 5 has four real critical points but only three critical values, then the plot of this polynomial is a "degenerate" snake. On the figure below are presented all five degenerate snakes of order 4. Arcs, that separate curvilinear triangles in Figure 2 , correspond to degenerate snakes:
• the arc AF -to the second degenerate snake;
• the arc OF -to the third degenerate snake;
• the arc DF -to the first degenerate snake;
• the arc EF -to the forth degenerate snake;
• the arc DE -to the fifth degenerate snake.
Polynomials of degree 6
We will introduce the analogous parametrization. Let p be a real Morse polynomial. We will assume, that: a) all roots of its derivative are non positive and pairwise different; b) one root is zero; c) the sum of roots is −4. It means that Proof. The number of positive roots must be even (otherwise c < 0). All roots cannot be positive, because their sum is −4. Hence, we must consider the case of two positive roots x 1 and x 2 and two negative roots −y 1 and −y 2 .
Let y 1 + y 2 = 2k and x 1 + x 2 = 2l. Then k − l = 2 and
As l 2 x 1 x 2 , then
Contradiction.
The space of coefficients here will the the parallelepiped Π in the axes a, b, c: Π = (0, 6] × (0, 4] × (0, 1]. We will study values p(x i ) of the polynomial p = xq(x) dx, where q = x 4 + 4x 3 + ax 2 + bx + c and x 1 , x 2 , x 3 , x 4 are roots of q. We restrict the study to those domain of Π, where all roots of q are real.
Let
be the discriminant of q. We will consider sections of Π by planes c = γ and will study curves d 
On the right figure the curve vertically intersects the axis OX at the point (4, 0) and the cusp has coordinates ≈ (5.33, 2.37).
In what follows we will study the interior of the curvilinear triangle only. This triangle will be called the main triangle and will be denoted ∆ γ (i.e. the main triangle in the plane c = γ).
The condition that values of p at roots of q are pairwise different is of the form s(a, b, c) = 0, where
The intersection of the main triangle ∆ γ and the surface s = 0 is of the form
Here ABC is the main triangle, D and E are cusps of the curve s(a, b, γ) = 0 (both are on sides of the main triangle), arcs of curve s(a, b, γ) = 0 are outgoing from cusp points A and B to the interior of the main triangle.
We will also need the condition that values of p at roots of the polynomial q are nonzero. This condition is of the form z(a, b, c) = 0, where
For a fixed γ the curves s(a, b, γ) = 0 and z(a, b, γ) = 0 divide the main triangle ∆ γ into domains. In contrast to the behavior of the curve s(a, b, γ) = 0 the behavior of the curve z(a, b, γ) = 0 inside ∆ γ vary with the change of γ. We will describe the partition of ∆ γ into domains by curves s(a, b, γ) = 0 and z(a, b, γ) = 0 and bifurcations of this partition. Also we will indicate for each domain the passport of the corresponding snake.
Below are enumerated passports of all 16 snake of order 5. 1) 1, 3, 2, 5, 4 2) 1, 4, 2, 5, 3 3) 1, 4, 3, 5, 2 4) 1, 5, 2, 4, 3 5) 1, 5, 3, 4, 2 6) 2, 3, 1, 5, 4 7) 2, 4, 1, 5, 3 8) 2, 4, 3, 5, 1 9) 2, 5, 1, 4, 3 10) 2, 5, 3, 4, 1 11) 3, 4, 1, 5, 2 12) 3, 4, 2, 5, 1 13) 3, 5, 1, 4, 2 14) 3, 5, 2, 4, 1 15) 4, 5, 1, 3, 2 16) 4, 5, 2, 3, 1
In what follows we will schematically demonstrate the partition of the main triangle into domains. Curves z(a, b, γ) = 0 will be dotted. Points G and H became one for γ ≈ 0.57613. This value of γ is a root of a polynomial of degree 6, where the ratio of lowest coefficient to the highest is 2 52 /5 15 . 4.5. 0.57613 > c > 1024/1875 ≈ 0.5461. We see the sequence of domains, bounded by the plot of p ′ and axis OX. Areas of these domains are differences of consecutive critical values. Thus, the diminishing of x i+1 − x i implies the diminishing of |p(x i+1 − p(x i )|.
Example 5.1. Let us construct a Morse polynomial, whose plot has the passport (3, 1, 4, 2). It will take several steps:
• roots (0, 1, 2, 3) -passport (4, 2, 3, 1); • roots (0, 1, 3, 4) -passport (2, 1, 4, 3); • roots (0, 1, 3, 5) -passport (3, 2, 4, 1); • roots (0, 1, 3, 4.4) -passport (3, 1, 4, 2). Analogously we can construct a 7-degree Morse polynomial with the passport (4, 1, 5, 3, 6, 2). Its critical points are 0, 1, 3, 5, 7, 8.4.
